In this paper we prove a fixed point theorem in quasi-metric space for a type of weakly contraction that we using a notion of binary operation, firstly for a complete quasi-metric space, secondly for a Smyth complete quasi-metric space.
Introduction
Recently, quasi-metric have drown attention more and mora scholars. In [2] Aydi et all proved some fixed point results involving α-implicit contractions in quasi-metric spaces. In [5] Jleli and Samet showed the exiting fixed point results on G-metric spaces one immediate consequences of exiting fixed point theorems on quasi-metric spaces. The authors in [3] they characterize (α-Ψ) contractive mappings and investigate the existence and uniqueness of a fixed point of such mappings. In [8] , Smyth complete quasi-metric spaces were characterized by means of an appropriate quasi-metric version of Caristi's fixed point theorem. The authors in [1] have obtained a characterization of dsequentially complete and of left K-sequentially complete quasi-metric spaces by versions of Kannan's fixed point theorem for self-mappings and multi-valued mappings. Our propose here is to prove some results of fixed point theory in complete quasi-metric space and Smyth quasi-metric space.
Preliminary Notes
In [4] Sedghi and Shobe have established the following result:
Theorem 2.1. Let (X, d) be a complete metric space such that satisfies α-property with α > 0. Let A, B, S and T be self mappings of X into itself satisfying the following conditions (i) A(X) ⊂ T (X), B(X) ⊂ S(X) and T (X) or S(X) is a closed subset of X (ii) the pairs (A, S) and (B, T ) are weakly compatible (iii) for all x, y ∈ X 
Where k 1 + k 2 + k 3 > 0 and 0 < α(k 1 + k 2 + k 3 ) < 1 Then, A, B, S and T have a unique common fixed point in X.
We start by recalling several notions and properties of some theory of quasimetric spaces. Our basic references are [6] , [4] and [7] Let X be a nonempty set and let d : X × X −→ R + be a function satisfying following conditions :
In our context we use Definition 2.2. Let (X, d) be a quasi-metric space and (x n ) n be a sequence in X. We say that (x n ) n is left-Cauchy if and only if for every > 0 there exists a positive integer N = N ( ) such that d(x n , x m ) < , for all n > m ≥ N . Definition 2.3. Let (X, d) be a quasi-metric space and (x n ) n be a sequence in X. We say that (x n ) n is right-Cauchy if and only if for every > 0 there exists a positive integer N = N ( ) such that d(x n , x m ) < , for all m > n ≥ N . Definition 2.4. Let (X, d) be a quasi-metric space and (x n ) n be a sequence in X. We say that (X, d) is Cauchy if and only if for every > 0 there exists a positive integer N = N ( ) such that d(x n , x m ) < , for all m, n ≥ N . Definition 2.6. Let (X, d) be a quasi-metric space, (x n ) n be a sequence in X,and x ∈ X. The sequence (x n ) n converges to x if and only if lim
Also we use the notion of Smyth complete. A sequence x n in quasi metric space (X, d) is called left K-Cauchy if for every > 0, there exists n 0 ∈ N such that
We say that a quasi-metric space (X, d) is Smyth complete provided that every left K-Cauchy sequence in (X, d) is convergent for τ d s .
Remark 2.7.
• A sequence (x n ) n in a quasi-metric space is Cauchy if and only if it is left-Cauchy and right-Cauchy.
• Any metric space is quasi-metric, but the converse is not true in general.
• The function d
, for all x, y ∈ X, is also a quasi-metric on X. 
Main Results
These are the main results of the paper. We consider binary operation satisfied α propriety.
Theorem 3.1. Let (X, d) be a complete quasi-metric space and T a self mapping of X such that for all x, y ∈ X,
and
Then, T has a unique fixed point.
Proof 3.2. First step. Let x 0 ∈ X, we define a sequence (x n ) n in X such that x n+1 = T x n , for all integer n ∈ N. If there exists a positive integer N such that x N = x N +1 , then x N is a fixed point of T . Hence we shall assume that x n = x n+1 , for all n ∈ N. Substituting x = x n and y = x n+1 in (2) , we obtain :
Since satisfied α-property, then:
, f or all n ∈ N Substituting x = x n+1 and y = x n in (2), we obtain :
we have :
Since satisfied α-property, then :
) for a positive integer n.
Consequently d(x n , x n+1 ) = 0 which is still contradictory because
n is monotone decreasing sequence of non negative real numbers. Consequently, there exists r > 0 such that :
Letting n −→ ∞ in (3) we obtain :
Also, there exists r > 0, such that :
Letting n −→ ∞ in (4) we obtain :
Second step. Next we show that (x n ) n is a Cauchy sequence. Firstly we show (x n ) n is a right-Cauchy sequence.
We have :
Secondly we show (x n ) n is a left-Cauchy sequence.
According to the triangular inequality, we obtain:
Consequently, (x n ) n is a left-Cauchy sequence in (X, d). By Remark, we deduce that x n is a Cauchy sequence in complete quasi-metric space (X, d). It implies that there exists, p ∈ X such that lim
Third step. Putting x = x n and y = p in (2) we have:
Since,
and lim n→∞ d(x n+1 , p)= lim n→∞ d(p, x n+1 ) = 0, so taking the limit as n −→ ∞ in the above precedent inequality, we obtain:
Hence p is a fixed point of T . Uniqueness. Let q ∈ X such that T q = q. Putting x = p and y = q in (2) we have: , for all x ∈ X. we take
Let (x, y) ∈ X 2 , we have :
Then, 0 is a unique fixed point.
If we remove our condition ∀x,
, it may be that T does not admit a fixed point.
Counter-example3.3. Let X = {u n /n ∈ N, (u n ) n≥0 } a recurrence sequence defined by
for each a, b ∈ R + , then for α = 2, we have
Define T : X → X by :
for all x ∈ X. We take
Case 2 : If x, y / ∈ {0, 1} we have :
If x < y < y + 1 − y,
Then, T has no fixed point. Now we will prove the theorem without using ∀x,
, by using the notion of Smyth complete.
Theorem 3.4. Let (X, d) be a Smyth complete quasi-metric space and T a self mapping of X such that for all x, y ∈ X,
First step. Let x 0 ∈ X, we define a sequence (x n ) n in X such that x n+1 = T x n , for all integer n ∈ N. If there exists a positive integer N such that x N = x N +1 , then x N is a fixed point of T . Hence we shall assume that x n = x n+1 , for all n ∈ N. Substituting x = x n and y = x n+1 in (7) , we obtain :
Consequently, there exists r > 0 such that :
Letting n −→ ∞ in (8) we obtain :
Second step. Next we show that (x n ) n is a left-Cauchy sequence. We have :
It implies that there exists, a p ∈ X such that lim
Third step. Putting x = x n and y = p in (7) we have :
and lim
n+1 ) = 0, so taking the limit as n −→ ∞ in the above precedent inequality, we obtain :
Imply d(p, T p) = 0, similarly d(T p, p) = 0. i.e. p = T p. Hence p is a fixed point of T . Uniqueness. Let q ∈ X such that T q = q. Putting x = p and y = q in (7) we have : 
with 0 < αk 2 < 1 Then, T has a unique fixed point.
For k 2 = k 3 = 0, we get the following corollary Corollary 3.6. Let (X, d) be a Smyth complete quasi-metric space and T a self mapping of X such that for all x, y ∈ X, d(T x, T y) ≤ k 1 (d(x, y) d(x, T x) ) (12) with 0 < αk 1 < 1 Then, T has a unique fixed point.
For k 1 = k 2 = 0, we have the following result 
with 0 < αk 3 < 1 Then, T has a unique fixed point.
